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atroduction

[n many computations it is necessary to main-
several counts simultaneously such that, at
imes, an instant signal indicates which counts
2ro. Keeping many counts in tally notation,
rount being incremented/decremented indepen-

7 by at most 1 in each step, governed by the
and the set of currently zero counts, is for-
ad in the notion of a multicounter machine

. Such machines have numerous connections with
cheoretical issues and more or less practical
:ations. One of the better known open problems
counter machines concerns the question

2r or not multicounter machines can be simu-
in real-time by one-tape Turing machines

. The result in this paper answers the ques-
iffirmatively, with a considerable margin,

the exhibited one-head tape units real-time
iting the multicounter machines are oblivious.
L1 known constructions we find as a corollary
che first n steps of a multicounter machine

> implemented on a fast low-cost combinational
network.

sounter machines. We view machines as trans-
3. (The simulation results therefore hold also
1e machines viewed as recognizers.)

e abstract from the input/output conventions
»ncentrate on the storage structure. The ab-
- storage structure embodied by a k-counter
1¢ (k-CM) consists of a finite state control
k counters each capable of containing any
>r, and an input and output terminal. The

;5 of the finite control are partitioned into
g and autonomous states. At the start of the
ration the k-CM is in a designated initial
and the counters are set to zero. A step in
romputation is uniquely determined by the

of the finite control, by the symbol scanned

. input terminal if the state is a polling
and by the set of counters which contain

The action at that step consists of indepen-
© altering the contents of each counter by

: =1, 0 or +1, changing the state of the fi-
ontrol and producing an output. Hence the

le effects a transduction from input to output
;s. If you will, the input and output might be
:n on some input and output tapes on which the
; pointers (heads) are steered by the finite
)1. The above is more or less the formulation
] where also a more precise definition can be

Background of the problem. Counter machines are re-
latively old devices. Unrestricted 2-counter ma-
chines were shown to be as powerful as Turing ma-
chines in [4]. Subsequently the power of counter
machines was measured against resource restricted
multitape Turing machines. In [2] the now classic
linear time/logarithmic space on-line simulation

of multicounter machines by one-tape Turing ma-
chines was exhibited. Since then it has been an
open problem whether or not k-1 single head tape
units suffice to simulate a k-counter machine in
real-time. Stated imprecisely, but perhaps more to
the point, whether or not k counters can be main-
tained in real-time by a linear storage unit with
less than k access pointers. For the easier Origin
Crossing Problem, where the task is to recognize
the set of sequences of unit basis vectors in k-
space, which leave from and end in the origin, an
ingeneous solution on a real-time one-tape Turing
machine appeared in [1]. The Axis Crossing Problem,
of recognizing the set of sequences of unit basis
vectors in k-space which leave from the origin and
end in one of the (k-l)=dimensional hyperplanes
with one zero coordinate, defied a real-time (k-1)-
tape Turing machine solution [1,2]. In [7] the
linear time/logarithmic space one-tape solution for
simulating multicounter machines was made oblivious
retaining the same resource bounds. This is signi-
ficant, since by its nature an oblivious multitape
Turing machine is far more restricted than a non-
oblivious one. For instance, an oblivious multitape
Turing machine needs Q(n log n) steps to

on-line simulate a single pushdown store, and a 2-
tape oblivious Turing machine achieves this bound
[5]. There is good reason to suppose that an obli-
vious one-tape Turing machine requires 0(n2) steps




5 task. With respect to ‘counters, the story
srent due to the possible compactification
rmation to be stored. In [6, Corollary 2] it
vn how to on-line simulate a T(n) time / S(n)
multitape Turing machine by an oblivious 2-
ring machine in time 0(T(n) log S(n)) and
0(S(n)). So the best simulation by an obli-
iltitape Turing machine known before [7],
ieved by combining [2] and [6], yielding an
simulation of n steps of a multicounter ma-
7 O(n log log n) steps of an oblivious 2-
cing machine. The real-time

ion presented here gives a surprising ex-

f the power of a one-head tape unit, let

1 oblivious one, besides shedding light
lings for dynamically maintaining integers
1it incrementations/decrementations.

1sness. A Turing machine is oblivious, if

> moment disregarding the input/output

re) the movements of the storage heads are
inctions of time independent of the inputs
nachine [5,6]. Many problems seem inherently
1s: the usual algorithms for computing the
in arithmetic functions, or a table look-up
:ntial search, can easily be programmed
1sly. Other problems like e.g. binary search
:rently nonoblivious. Reasons to consider

1s computations have been that they are
converted to combinational logic networks or
t line programs. Furthermore, when we re-
>urselves to this class of computations it
simpler to derive good lower bounds on time
ity, or good time/space trade offs, for cer-
>blems to be solved on the chosen model of
tion, whereas we consistently fail to do so
1onoblivious case. This seems especially

ile for problems where it is hard to see how
7iousness could yield any gain, or where the
>f a. nonoblivious computation model to an
1s one incurs a relatively small penalty
lere we show yet another, more heuristic,
for confining attention to oblivious compu-
restriction of the considered model of com-
1 to its oblivious version can shift the

5 in the problem to be solved from one as-
another one directing us to a solution.

> here use the oblivious restriction to ob-
ser bounds on complexity. Whereas the prob-
real-time simulating k-counter machines by
Turing machines, k' < k, is solely due to

t that k' < k, the same problem for obliv-
ring machines knows only one difficulty:
iviousness of the simulating device. For

we can on-line simulate n steps of some ab-
storage device S in T(n) steps by an obliv-
ring machine M. Then we can also simulate
:tion of k such devices Sj,...,Sg, inter-
through a common finite control, by dividing
rage tapes of M into k tracks each of which
>licate of the corresponding former tape.

> head movements of M can do the same job on
the k collections of tracks as formerly on
lection of tapes. So the time and storage
ity of the extended M is the same as those
>riginal. By these scant considerations we
in particular:

tion 1. The following statements are equiv-—

can simulate each l-counter machine by an
livious 1-tape Turing machine in real-time.

| For each k, we can simulate each k-counter
machine by an oblivious l-tape Turing machine
in real-time.

coach to the problem. It quickly becomes appar-
that updating a count correctly in real-time

in oblivious machine requires a redundancy in
ition which seems to make an instant check for

> impossible. To achieve the latter, we shall

>w only encodings of integers such that they are
> iff the 'first' positions show this uniquely.
:e the head movement is supposed to be obliv-

5 we must, roughly speaking, update each 'ini-
L' log i length segment of the encoded integer
1in each cycle of about i steps. This entails

t, while moving the head to update a longer seg-
t of code, we have to simultaneously shift and
ite smaller segments of code, and so on recur-
2ly down to the smallest pieces.

line of the simulation. Like in [2] we maintain
current count c as the difference between two
itive integers y and z. Like in [7] we encode

id z in a redundant binary notation using digits
,2, where a 2 in a bit position stands for an
rocessed carry. Leading O's in corresponding
itions in y and z are immediately replaced by a
tinguished blank symbol. Maintaining also an in-
iant such that if any position of either integer
contains a digit greater than O then the three
rest positions of the other integer do not, en-
s that y — z = 0 iff y and z contain blanks

7. Incrementing [decrementing] the count by 1
lone by incrementing y[z] by 1. In order to be

> to increment y[z] at all times by 1, and to

> maintain said invariant,we continuously sub-
:t corresponding blocks of digits in y and z

n each other. Although there is a considerable
it of freedom here how to go further, for

sons of exposition we choose to divide the en-
ing of y and z into consecutive blocks of 10

its (in corresponding positions) each, and up-

> the i-th block within each cycle of 2!01 steps.
this purpose, we develop a method to recursive-
transport the digits of block i+1 from one

2 of the combination of the first i blocks to
other side, back and forth, one digit within

1 cycle of 24! steps, for all i. The process

11 be such that the single head, without being

> to identify individual pieces of encoding,

11 maintains a topological adjacency relation
ngst them, which allows it,according to certain
al criteria, to update correctly. For the re-
sive process we use an extra pushdown store and
> allow squares on the tape to be deleted and
erted. We later get rid of the square deletion/
ertion option by interleaving a stack of deleted
ares through the sequence of consecutive blocks,
ch by the recursive block traversal can grow
shrink as required. Similarly, we maintain the
adown store. The net effect of all this will be
t, for all i, the combination of the first i

cks acts like a single very fat head, moving

wer the higher i is, but fast enough to update
ck i+l (plus a few adjacent positions which

1 be required) each small enough cycle of steps.

The present paper is a preliminary and incom-—
te draft; it does however contain all of the
ilation. A more extensive version containing all
essary proofs will appear later. For notions
e on-line simulation, real-time (simulation)

., see e.g. [5].




al-time simulation of a counter by an obliv-
us one-head tape unit

y Proposition 1, we can simulate each multi-
r machine in real-time by an oblivious omne-
ape unit if we can simulate a single counter
ay. So let C be a single counter, and let S
abstract linear ordered storage unit, for
ting C.

Notation of the count

he count ¢ is maintained as difference be-

two nonnegative integers y and z. If at the

t step of C 8e{-1,0,+1} is added to the
then

: c « c-1 y <y z < z+]
: c<+c y <y z <z
: c < c+l y « y+1 z <+ z.

o allow at any time to subtract equal amounts
and z such that both y and z stay nonnega-
ntegers. So, for all t, at the t-th step of C
f the simulator S) the following invariants

bld:

+ 2z t
-z c.

oA

and z are represented in a kind of redundant
notation: code(y) = ygyy...yy and

) = zpzy...2p, ¥i52; € {0,1,2}, 0 < i < m,
hat

n z, 2t

i
;2 e z=Jig

x {1 | y; >0vz > 0}.

simulation we maintain y and z on two chan-
the y- and z-channel, and replace nonsignifi-
's in corresponding digit positions on both
ls simultaneously by blanks. At all times t
ntain the additional invariant:

(yi >0 =z, ¢ {0, blank}) &

i-17%12 %54
(zi >0 = Yio12Yi0Yi4 € {0, blank}) &

(yi =z, =0& Yigr = = blank) &

z.
i i+l

(yi = blank <= z, = blank)
he obvious allowances made for the border-
ase i = 0.

nsures that if the i-th digit position of

| contains a digit greater than O then the
ms i-1, i, i+l of code(z) contain no digits
r than O and vice versa.

akes care that there occur no leading 0's in
>onding positions of code(y) and code(z).

lthough not only the encoding of c as the
ence of y and z is not unique, but also the
ng of y and z themselves are not unique, we
1ave:

ition 2. Since invariants (1) - (3) hold at
tep of the simulation, ¢ = 0 Zff code(y) =
‘z) = €.

For suppose there is a 0,1 or 2 in either
) or code(z). Then according to (3) there
> a highest indexed yp or z; greater than O,
> 0. But then, by (3) z < 2 Z“il;g 2 <

< 2"-2, Since Ym > O we have y > 2" and

by (2) it follows ¢ =y - z 2 2. (For m = 0 or

m = 1 allow for the borderline case.) Conversely,
if ¢ # 0 then code(y), code(z) # € by (2) and (3).0

2.2. Maintenance of the count. For the moment we
think of y and z as being maintained on a tape di-
vided into 2 channels: the y- and z-channel. Code
(y) and code(z) are justified with the low order
digits in the home square 0. The tape is one-way
infinite, and squares m+l, m+2,... contain blanks
denoted by "-", where m is highest index of a non-
zero digit in code(y) or code(z). See Figure 1.

-1- - -channel
Yo | Y1 ) Yo ? y
-1 - - -channel.
zO zl ce Zm 2=ci
Figure 1.

The tape is divided into blocks of length x, say
x = 10, which are called block 0, block 1,..., see
Figure 2.

S I B B

block 0 block | block i

Figure 2.

During the real-time simulation of C by S we shall
update each block i together with the first two po-
sitions of block i+l at least once within each
cycle of TSi) steps, such that T(0) = 1 and
T(i+l) < 2 T(i) for all i 2 0. To describe the
updating procedure, and to show that it maintains
invariants (1) - (3) throughout the entire tape,
we consider the digit positions involved in the up-
dating of a block i in isolation, and divide them
into an Znput field of 2 digits, followed by an
own field of 8 digits, followed by an output field
of 2 digits. The digit position next to the output
field will serve to check for adjacent blanks so as
to remove leading O's. See Figure 3.

block i block i+l

A A

(i) (i) i i+l i i
y01 ylx . yé\) yéx» > yfl’l) yg:*r

(i) zfi) zg(i) zéi*l) z‘(i*l) z;iﬂ)

v v v v

input field own field output field check field

Figure 3.

So the input field of block i is the output field
of block i-1, i > 0, while the output field of
block i is the input field of block i+l, i > 0.

For the sake of uniformity, we consider the proces-
sing of the current input to be the updating of a
hypothetical block -1, of which the output field is
the input field of block 0. If at any step more
than 1 block needs to be updated, we update the
higher indexed blocks first. Note that since an up-
date of block i will involve also its output field

&wo consecutive blocks i and i+l are concerned.




()y(3) .y (D)

i), 1) L) be the current contents CC(i) UPDATE s%mply removes a Z'fro? the fir§c square of

vee a block i and propagates it right, until it peters
xk 1, i 2 =1, and let the local count onm, out or arrives at the first square of block i+l,
1ibecy =Y, - Z;, where Y; = 29=0 y(i)2) and meanwhile preserving invariant (3) throughout the
L?=O 2{1)2]. Let the current inpat bels € {-1,0,+1} concerned tape segments and invariant (1) and (2)
ot blotks i;,ig,...,1ip, i) < iy <...< iy, be the by the update of block -1, treating the higher in-
5 to be updated by UPDATE below in the current step.dexed blocks first.

i11 appear that always iy = -1, iy = 0, while m
: that all nonblank symbols on the tape are
1ere by previous applications of UPDATE, and
JPDATE preserves invariants (1) - (3). This
>tion will be justified, since (1) - (3) hold

> start and, under the timing assumptions in
»xt Proposition 3, UPDATE preserves (1) - (3).

< (‘)‘Proposition 3. If each block i, i = -1, with the
stated interpretation of 'updating block -1' as
processing the current input, is updated by UPDATE
at least once in every cycle of T(i) steps of S,
T(-1) = T(0) = 1 and T(i+1) < 210 T(i) for i 2 O,
then UPDATE always succeeds and invariants (1)-(3)
are preserved.

8 UPDATE: Proof. By induction on the number of steps.
e, v62'% iein kem Base case t = 0. Initially all positions on the y-
. and z-channel contain only blanks and so (1) - (3)
Select the appropriate case below and execute the action. hold
-y *  rothing changes. Induction phase. Assume that the proposition held
>z up to time t: so UPDATE has always succeeded and
v, -z, <2° . o invariants (1) - (3) hold at time t. Let blocks
i A Y\ eey P . .
L ¥, - 2 i even . cc() + 00'0%...0% 1p,1i2,...,ip be due for ?pdat1ng at the cufrent
t wen Iy oy -2 step, 1} < 13 <...< ip, 1} = -1, ip = 0. Since UP-
=173 i n DATE never leaves a 2 anywhere on the tape except
and y; € 10,1}, 1 j < 8. possibly in the first position of a block, and al-
1.0.2. ¥, - 2, is odd + & By invariant (3a) there is no '2' SO preserves 1nvar1ants' (1) = (3), this is the con-
i in the first position on block i: dition of the tape at time t. We need to show that
nothing changes ¢ under the assumptions of the proposition this is
ptic prop
v -z 22 also the case at time t+l. The due blocks
T (s LG iy,i2,...,ip at the current step are updated in
> > “ z =15 . . .
ra. 28t s 2 () order ip ip-1,...,1; by UPDATE. Since UPDATE has
ety - 0000 . succeeded all previous steps, it possibly has put
a 2 in the first position of a channel on a block
00...01 P .
a2, 20D 4 + cC(i) < 00...00 - but nowhere else, and we have at time t that
B leil < 210 for all i = 0. The only way(UPD?}E can
9 - 2'0 ¢ UPDATE can deposit '2''s ; i is f . = 910 im+l) -
Tty only in the firat square of a block, so fall'on_blg?g lmd15<1;£1§19 N ZA and y h 2
y$? « 1. By invariant (3a) there- OT Cip = and zg = 4. Assume that the
ore 28*D ¢ (0,-1. So similar to former is the case. According to the rules of UP-
case s DATE y61m+l) must have been incremented to 2 at an
Oyy¥2-+-y8Y9 earlier UPDATE of block ip, say at the step from
1.3.0. ¥, - 2 is even - ccu);oooﬂ-ﬁo t'-1 to t'. So block iy contained only 0's at time
: with [T y.2) =y, -2y t' according to 1.4.2, and D = (the total count on
3=1 7] i g
and y; e (0,0, 1< j= 9. the y-channel minus the total count on the z-channel
132, ¥ - 2. is odd + & By invariant (3a) there is mo '2' on th§ consecutive blocks 0,1,...,i ) satisfies
it in the first position on block i: im 101 A . 10 ,.1lm*!
nothing changes ¢ |DISZi=1 2 . Since T(1m+l) < (2°7-1) by hypo-
00...0 . . ]
v -z, =29 » ce(i) « 00...03 thesis in the proposition, we have
i ) ; i+l . . .
‘Zﬁ:ﬁiﬁﬁ?&i&?iiﬂ'”r“‘e t-t' < (210-1) ™. Otherwise the '2' in the first
yy‘ﬂyf‘” position on block ip+l would have disappeared by a
(i+1) (i*1) successfull application of UPDATE to that block in
z . .
0 ! the meantime. Hence at time t,
is updated. ¢ i 101 10 i 41
m 1 m 1ot
L, LD GG ID] < Xi=1 2 o+ (2 —!)‘ s because'the 2' has
T 0 ! BN N L _ stayed In the first position on block ip+l's y-
‘u'b ey ° channel, and hence by invariant (3) and the rules
R Y R in UPDATE no digits have been transported from
. g . p
e, 28 L + ¢ By invariant (3a) impossible. Viz. block ig+l to block ip in the meantime. We'saw that
0 UPDATE can deposit '2''s only in for UPDATE not to succeed on block i_ at time t,
the first square of a block, so 1 m
v g1 cip = 210, and so
: 8 Ty | 10 (it . . .
Vs, 2D oy . 4*”).;;1?‘” «o0. ID| > 2 (i ]). Since this leads to the contradic-
bz X
tion
Z.. ¢ Analogous to case | with the roles of the y- and z-channels T i 104 1 im+]
interchanged ¢. 210(g+]) zilill 2101 4y O_])
lmpmty?”)toseeﬂwmefi!“ a blank '-'. for all ip = 0, UPDATE succeeds on block ip. It is
1f so, replace all leading 0's by blanks in block i and its output easy to see that UPDATE maintains invariant (3a) on

i he leftmost position of a nonzero digit. . . . L. . .
field up to the leftmost po block i in between the first position on its in-

put field and the last position on its output field.
So we only need to worry about the maintenance of
(3a) on the interfaces between blocks ip-1 and ip

If i = -1 then finish else(i « ik-l; k « k-1;goto step 2).




locks iy and ip+1. However, either the entries
>ck ip and its output field are not changed at
rules 0,1.1.2 and 1.3.2) or no 1's and 2's are
at all in the first position of the input

, preserving (3a) locally on the interface of
35 ip=1 and iy, and no I's and 2's are left in
itput field in positions where they might

te (3a), assuming invariant (3a) held before
»date, preserving (3a) locally on the interface
:n blocks iy and i+l (check rules 1.1.1, 1.2,
, 1.4). Thus, step 2 of UPDATE pre-

5 . invariant g3a)g During the update of block
im*1) apq z21m+‘) were not changed. So either
vere not blank and no leading 0's were created
:p 2 of UPDATE, assuming invariant (3b) held
»usly, or they were blank and all new leading
ceated by step 2 are turned into blanks by

3. The only remaining possibility to fail
1ining invariant (3b) is on the interface be-
blocks ip-1 and ip, viz. by leaving block ij
»lanks only while block ij-1 has

D z(lm—l) = 0, and block iy did not con-
»nly b?anks before step 3. But this last case
:luded because either Yj = zj (i¢iy) and step 2
: change anything (rule 0) or Yi-Zi was odd
>thing changed (rules 1.1.2 and 1.3.2), or
2 did not leave leading 0's at all in the first
lon of the input field of block ip (rules
, 1.2, 1.3.1, 1.4). Therefore step 2 followed
2p 3 of UPDATE maintain invariant (3) through-
1e tape. Similarly, the subsequent due updates
cks im—l""-iZ succeed. Since
= 1, the update of block -1 (i.e., the proces-—
>f the input) always succeeds during the exe-
1 of UPDATE, because the input field of block
cains no '2''s when block -1 is updated. So
1ccessive updating of blocks ip,ip-p,...,11
3 the execution of UPDATE succeeds. Hence the
it input is processed by UPDATE, main-
1g invariants (1) - (3). So, under the
assumptions in the Proposition, at each step
succeeds it preserves invariants (1) - (3),
under the assumption that invariants (1) - (3)
it time t by applications of UPDATE, starting
1 blank tape, UPDATE succeeds in the next
g

Jne may well wonder how it is possible that
at most 4 blocks, so less than 50 positions,
»dated each step, invariant (3) can be main-
1, since it allows the tape to contain

)01-

200-

—

1 m
=y -2z =2, and c can be set to 0 in 2 steps.

z
3
g

re, however, excluded such racing of the most
‘icant digit to the home position by implicitly
1ining a far stronger invariant than (3a) in

2 of UPDATE, viz.

3 e {1,...,9}[y§i)>03 -
Vi e {1,...,9)[z§i) € {0,-}17 &
(1)
j .
Vi e {1,...,9)[y§1) c{0,-}11 &

Bjell,...,9z 05 0=

Viz0 Vje {1,...,9}[y§i)# 2] & (3a).

The present proof relies partly on the fact that
all of the nonblank tape contents at any time must
be the result of previous applications of UPDATE
alone, and partly on invariant (3a).

2.3. The oblivious one-head tape unit

According to Propositions 2 and 3 we can simu-
late a counter C in real-time by an abstract storage
unit § consisting of a finite-state control and a
linear ordered set of storage locations called
cells, which are in one-to-one correspondence with
the tapesquares of the previous section (using the
cells as boxes in which the contents of the cor-
responding squares are stored), provided the fol-
lowing Requirement is met.

Requirement. For all i > 0, within each cycle of
T(i) steps, T(0) = | and T(i+1) < 210 T(i) for all
i > 0, there is a time instant at which S accesses
the ordered group of cells corresponding to the
squares of blocks i and i+!. Whenever S accesses
more such groups of cells simultaneously in some
time instant, it distinguishes the relative order
amongst those groups, induced by the corresponding
block indexes.

If S meets the Requirement, then S can each
step execute UPDATE meeting the timing conditions
in Proposition 3, on the appropriate square con-—
tents as contained in the corresponding groups of
cells, thus maintaining invariants (1) - (3). Since
T(0) = 1, S always knows whether block 0 contains
only blanks, and so by Proposition 2 whether the
current count is zero or not.

Below we describe an oblivious one-head tape unit
supporting such an abstract storage unit S capable
of simulating each counter C in real-time. Thus,

by Proposition I, an oblivious one-head tape unit
can simulate each multicounter machine in real-time.

Let M be a one-head tape unit consisting of a
finite control, a one-way infinite storage tape di-
vided into squares, and a single read-write head on
the tape covering 2{£+1 squares, for £ a constant
(=25 will suffice). Originally the head covers the
left 2£+1 squares on the tape. By the position of
the head we shall mean the position of the central
square covered, so the start position is the
(£+1)-th square from the left. During its action,
by marking newly met unmarked right adjacent
squares, and by counting modulo 10 in its finite
control, M will lay out the blocks of 10 squares
each on its tape, beginning at the start position.
The cells corresponding to block O are maintained
in M's finite control, and the cells corresponding
to block i, i > 0, of the previous section can be
thought of as being contained initially by the cor-
responding squares of the i-th block to be deter-
mined on M's tape. Initially all squares on M's
tape contain only blanks, and so do the cells con-
tained on those squares. M creates such an appro-
priate cell whenever it meets an unmarked square on
its tape, marking it as a left border '[' if it is
the first cell of a new block, as an internal cell
'o' if it is not a border cell, and as a right
border ']' if it is the last cell of a block. Final-
ly, M distinguishes the cells of block 2 from those
of the other blocks by either tagging them initially
or remembering where they are (they will always be
covered by M's head). So the start situation can be
viewed as depicted in Figure 4.
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for the determination of new blocks, the
y of the actual squares on M's tape is not
nt, but the identity of the created cells is
herever they end up in the simulation. So in
uel when we talk about a block we will mean
. of cells. The head is forever positioned on
and executes a regular motion from the left-
sition on block 1 to the rightmost position
k to the leftmost position, one square each
t the extremes of its sweeps it therefore
alternatively £ squares left of block | and
es right of block 1. For the moment we as-
at M can delete a square adjacent to block 1
ert a square adjacent to block 1. We also
that we have an extra pushdown store avail-
ater we show how to eliminate these optioms.
all times blocks 1,2,...,1i shall form a
gically connected' segment 'adjacent' to
+1 for all i 2 1. We shall call this segment
ock I. Roughly, the following scheme is re-
1y executed for all superblocks I:

1)

5

ribe loosely what happens at first and then
more detail. Initially the head is centered
leftmost square of block 1. It then moves

.0 the rightmost square, scans the leftmost
of block 2, stores it on the pushdown store,
.0 the leftmost square of block 1 and inserts
tmost border (on top of the pushdown

next to the leftmost border of block 1, re-
. the instruction on top of the pushdown

)y an ‘instruction to fetch a new cell. Squares
eted/inserted as needed. (See Figure 6).

@ POz FEM T
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next 8 sweeps the head moves to the right
block 1, stores the cell contents of the
idjacent square of block 2 on the pushdown
deletes the square, moves to the left end of
, inserts a square and places the stored cell
'k 2 in it and replaces the top of the push-
:ore with a fetch instruction, in each sweep.
julting situation is depicted in Figure 7.

B0 Pz 2] Pz 2

Figure 7

When the head in its rightmost position scans the
right border of block 2 and the left border of
block 3, the left border of block 3 is placed on
the pushdown store, the action is reversed and
block | traverses block 2 in the other direction
until only the left border of block 2 remains, in-—
serts the left border of block 3 left of that of
block 2, and traverses block 2 again up to and in-
cluding the right boundary of block 2. The result-
ing situation is depicted in Figure 8.

B2 3]

Figure 8

Now the combination of blocks 1 and 2 starts to
traverse block 3, beginning with storing the first
internal cell of block 3 on the pushdown store and
deleting the corresponding square, then traversing
block 2 by block | completely up to and including
the left border of block 2 (which is not now ad-
jacent to a differently oriented border of some
block) inserting the cell now on top of the push-
down store on a newly inserted square and so on.
The general scheme of how the first i blocks act
with respect to block i+l is shown in Figure 9.

The union of blocks 1,2,...,i is superblock I.
Cells deleted from the tape are pushed on the push-
down store, and cells inserted are popped from the
pushdown store. The pushdown store is not displayed
below, and the head scans at least £-1 elements
next to block I in the displayed positions. (Since
we shall set £=25 the head scanns more cells than
drawn) . Squares and cells are deleted/inserted in
concert.
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a block closed if all of its cells are present on
the tape in a connected segment, disregarding in-
termittent squares containing no cells. A block is

: — open if it is not closed. In situations like
‘ —_———
F Cien [T ] 7] 7] > -

(O ARt | E ] ETIN P and P T S S

—

—_——
b e Din 1] o] vzt

the head in its most extreme right position on

: — block | scanns 2 consecutive closed blocks right of
* - - —Ar— block 1 and therefore will know that these blocks
b Lis2 [T ] 7] are blocks i and i+l for some i > 1. Since the re—
— lative order of cells within a block, of the cells
—_———— present on the tape, is never changed by the cell
b Ci+2 [ T 135+2] transport, the cells of blocks i and i+l are con-
secutive and in the correct left-to-right
— order. In the leftmost situation of (%) i > 2, and
F Cis2 G5 1 17577 in the right situation of (*) i > 2. Since the ma-
chine always knows which block is block 2 (by the
—_ tagging of its elements), the blocks due for update
s —"— . in (%) left are i, 0 and -1 (processing of input)
k- [is2 LT 1757] and in (x) right they are blocks i, 0 and -1 if
—_— i>2 and i,1,0,-1 if i=2. Note that M doesn't
* —— need to know the indexes of the blocks, except
F [i+2 [T 1757] that of block 2 in case block | is updated, to up-
— date the due blocks highest indexes first.
A — Let S(i) be the number of steps needed for a full
- - — - sweep by the head over superblock I, starting when
].LII b D‘Em - G0 A it has just deleted or inserted (or was in the ini-

. . tial situation) a square left of superblock I, going
- - - right until it insert/deletes a square right of
—I = 1 2 ...
Y Y B N 2 superblock I and back up to, and including, the in-
— - sertion/deletion of a square left of superblock I.

T 0] = L. Himm Clearly S(1) < 24. Since each block i, i > 1, covers
at most 12 squares, not more than 24 full sweeps
r:]:q "T* over superblock I-1 are required to make one full
T 7] = [EE] ... 0] sweep over superblock I, and we have S(i) < 24S(i-1).
Hence S(i) < 241 for all i 2 1. In each
full sweep over superblock I+2 configuration (%)
must occur at least once, see figure 9. We can
9 choose T(i) so that
. i+2 . 101
able to do this data transport by having the 8(i*2) < 24 < T = 27-D
an the two adjacent squares when it is at the for all i 2 2. Block O is contained in the finite
r left border of block 1, and inspecting the control, while by setting £ = 25 superblock 2 is
the pushdown store. We only need to distin- always completely covered on the tape, so we can
lements in left borders '[', right borders choose T(0) = T(1) = 1. Hence an abstract storage
| internal cells; the transition rules arede- unit S meeting the Requirement is supported by the
so that we do not have to know to which block loosely described one-head tape unit M. We describe
ments belong. Automatically, by the mainte- M in detail by listing the rules governing the de-
f the pushdown store and a loose binding of vice. Squares containing left and right border cells
's, a certain order of blocks is preserved. of blocks are denoted by '[' ']' respectively.
ral, the cells within a block are always in Squares containing any internal cell of a block, or
rect left to right order, but a sequence of no cell at all to later accommodate the square de-
is in the correct left to right order iff letion/insertion facility, are denoted by 'o'.
cks of the sequence are '"closed" and on the - The format of the rules is:

f block 1, where block 2 is identified by

borders. (The borders of block 2 are the on- (a,b,¢) = (d,e,), where

. which are identifiable as belonging to a a = direction of last move.
lar block). b = scanned outside block 1 in direction of last
le effect of this procedure is that, like a move,

= top of stack.
direction of new move.

.t head superblock I continuously traverses
+1 from left-to-right and right-to-left. The
index i is the slower this goes. We now esti- = string replacing b on the tape.

iether this allows us to meet the Requirement = 0,1 or 2 elements ¢ is replaced with (top of
‘o later eliminate the square insertion/dele- stack is right)

«cility, we need to be able to expand each

'y two squares (without cells). Since block 1
iecial case it will need to store at most (a) fetch

uch squares. In the following we shall call (b) store <operand>

o N
]

The stack alphabet consists of:




re <operand> A fetch
re <operand> A store <operand>

th <operand> e {o,[,]}

(d) indicate two 'linked' stack instruc-—

e head is positioned on an internal cell of

1, b and e are NIL.

the machine has special rules when it scans
osed' block 2 right or left of block I, we

'2'" for 'o' in b and e in such cases.

o, fetch) = (left, e, store o) means: the
ving right scans, right of the central
scanned, containing the right border of block
djacent square containing an internal cell.

of the pushdown store contains a 'fetch'
tion. In one step it does all of the follow-

eplace the top of the pushdown stack by
store o'

elete the square containing 'o'
ove the head 1 square left.

as the center scanned square contains an internal cell
rules specify (as stated before)

ht, NIL, top) = (right, NIL, top)
t, NIL, top) = (left, NIL, top)

p' stands for current top of the stack. The remainder
ules is as follows:

ght,[2,top) = (left,2,top storel),

ght, ][, fetch) = (left,],store["fetch),

ght,xy,fetch) = (left,y,store x), X,y ¢ {o,1},
ght,xy,store z) = (left,zxy,fetch), xy # [2, z#[,
ght,xy,store [) = (left,[xy,e), xy # [2,
ght,ox,store]*fetch) = (left,x,store]’store o), all x,
ght, J1,store]p"fetch) = (left,]}]y,fetch fetch),
ght,x,store(Astore o) = (left,ox,store[*fetch), x # [.
ft,2],top) = (right,2,top storel),

ft,][,fetch) = (right,[,storel}*fetch),

ft,xy,fetch) = (right,x,store y), x,y € {o,[},
ft,xy,store z) = (right,xyz,fetch), xy # 2], z # ],
ft,xy,storel]) = (right,xyl,e), xy # 2],
ft,xo,store[*fetch) = (right,x,store[*store o), all x,
ft,[l,store[z’\fetch) = (right,[9[},fetch fetch),
ft,x,store] store o) = (right,xo,store]Afetch), x # 1.

)se the rules so that they gave a concise de-
.on. Situations not covered by the rules do

wr in the operation of the device; certain

.ons covered by the rules do also not occur; all
.ons covered are covered uniquely: only one rule
icable. The rules were also checked by having a
ion on 9 blocks of size 3, i.e. '"[o]', run for
‘teps, going 8 levels deep in recursion,

) to starting to transport cells of block 9.

g that M maintains a variable 'lastmove' in the
control,at each step M performs:

‘hm MOVE:

:lect
ite it.

appropriate transition rule and exe-

. For all i > 1, and all a,B,y where a s
e left of super block I, B the tape right of
lock 1 and y the stack contents of the dis-
start instantaneous deseriptions:

() M@..E0TJs ¢ «EOED..0 e

Similarly from right to left, i.e., the mirror
image of the depicted situations.

Proof sketch. Base case: i = 1 and i = 2, we leave
for the reader to verify using the given rules.

Induction:
all 3 < i.

Assume that the Proposition holds for
Then:

0E .- @MEds F o «GED.. D TEEs
¥ fetch
Y

B [ECE - (0 TS0 s £ e O - (E0 T s

store o store o

Y Y

o GO . [0 T s F e EEDED - 5

fetch fetch
Y Y

CE CEOEE . O 9@ e R EEDE - 00 T
fetch store[ “fetch
Y Y

£ oTME .- 0 0T M E e [0 I35

A A
storel fetch store( store o

Y Y
ezl 0] 1 71 £ o £ E0E - D Te

A
storel fetch

£ oo
A
storel store o

¥ Y

CE LR O S T e e EO - G T e

store [“fetch feteh
\ fetch
v
P G [T O (01 e R o (D EO O - T e
fetch store]
fetch fetch

M Y

£ oo D000 . O T e S o f OO - 50 Tl e
store ] fetch
fetch ¥
}
F o (D0 - [ e

fetch
Y

So (a) holds for j = i+l.
Similarly we prove (b), and so the Lemma. [J

Using Lemma 1, we can prove by induction on
the number of steps:

Lemma 2. For all i 2 1, superblock 1 always is a
connected tape segment which is continuously
traversed from the left end to the right end and
back to the left end. Each such full sweep takes
S(i) < 24* steps. For i > 2, during such a full
sweep over superblock 1+2 the subconfigurations

] )
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oceur. For i = 2 (%) right occurs during a
over superblock 4, and for i = 1 the sub-
quration
=
,_____.A—\

... Tl -

s during a full sweep over superblock 3. Since
5 superblock 2 is always completely covered.
vatr of adjacent closed blocks right of block
blocks i and i+l in that order.

So the described one-head tape unit with square
tion/deletion and with the attached pushdown
can support an abstract storage unit S satis-
the Requirement.

low a more intuitive understanding of the pro-
note that there is a definite topology assoc-
with the tape configurations: always, for

E)

[ lm

(I+1) = I = the cells of block i+l present on
ape, in the correct left to right order.

rder of blocks is maintained by being aware
block 2 is, and by linking blocks i and i+l
J[' adjacent borders and linking the assoc-—
instructions on the stack.

nating the square insertion/deletion facil-

nd the pushdown store

We accomodate the square insertion/deletion

ity by absorbing deleted squares in block 1
xtracting squares to be inserted from block 1.
eleted squares are kept as a stack in the dif-
t blocks, block | containing at most 3 and each
cutive block at most 2. The regular block tra-
1 allows us to pass deleted squares from block
ock, so as to have the stack of deleted
es with the top in block 1 grow and shrink as
red. (The effect of a square deleted/inserted
ock i+l does not affect the amount of deleted
es in blocks j, j = i+l.) Similarly, and with
hat less fluctuations, we can maintain the push-
store contents as a stack on blocks 0,1,...,
ich the top is contained in block 0. The infor-
n on the pushdown store is attached to the re-
t cells of the blocks. Let the occupancy 0(i)
block i be the number of free (i.e. deleted)
es it stores. Then the procedure outlined be-
ill ensure that 0 < 0(1) < 3 and 0 < O(1) < 2
11 i > 1 at all times. Squares which are deleted
e tapes are absorbed by block I and squares to
serted are released by block 1. Transport of
squares from block to block, so as to have the
of free squares with top in block 1 grow and
k as required, is effected by the head when-
it scanns two adjacent closed blocks. As pre-
ly argued, the process maintains the property
all adjacent closed blocks i,j right of block
in the correct left-to-right order: j = i+l,
11 adjacent closed blocks, i,j left of block 1
n the correct right-to-left order: j = i-l.

1 always knows which of an adjacent closed

(if there are two of them) is block 2. When-
the head on block 1 is in an end position, and
anns 2 adjacent closed blocks on that side,
lock i and i+l, it first distributes free
es as follows:

0(i) > 1 = 0(i) < 0(i)~1 & O(i+1) <« O(i+1) + 1
0(i) =0 & O(i+1) > 0 = 0(i) <« 1 & O(i+1) «0(i+1)-1

Whenever block 2 is closed, the free squares in
blocks 1 and 2 are immediately adjusted according
to the above distribution scheme, when block 1
absorbs or exudes a free square. Clearly the dis-
tribution of free squares keeps the total number of
free squares on the tape correct.

We define a chain on the tape as a sequence of
closed blocks ij,ip,...,i) on the tape with ij ad-
jacent to i;,y, 1 < j < k. If i; is the one nearest
block 1 (or ij=1) and iy is the one furthest from
block 1, then ij;; = i:+] since every pair of ad-
jacent closed blocks have such indexes. If ij = 1
the chain is grounded, and if a chain is not a
proper subchain from any other chain on the tape it
is called maximal. We denote a maximal grounded
chain as a MGC. We define 2 invariants (4a&b) and

(5).

(4a) Every MGC C of length i contains at most i+2
free squares. If there are s < i free squares
on the total tape C contains all of them. More
in particular:

(1) top pd store = fetch = C contains
min (i,s) free squares

(ii) top pd store = store. = C contains
min (i+1,s) free squares

(iii) top pd store = store.fetch = C con-
tains min (i+l,s) free squares

(iv) top pd store = store. store. = C
contains min (i+2,s) free squares.

For any MGC C there is a time before trans-
action with environment and a time after trans-—
action with environment. The time before trans-
action is the time when the head on block 1 is
proceeding to the border of block I which is
not adjacent to an element of C. If C has
length | both borders qualify as such. We call
C at the time before transaction Cj.
(4b) The free squares are distributed over the
blocks in C, as follows:
s < i: one free square per block from block I
up to block s and no free square in blocks
s+1 up to block i.
s > i: (leftmost digit O(1) and rightmost
0(i).)
(1) top pd store = fetch: 11...11
(ii) top pd store = store.: 11...12
(iii) top pd store = store."fetch: 11...12
(iv) top pd store = store. store:1l...12
(s=i+1)
11..122
(s2i+2)
this in case i > 1. If C has length | then all
free squares in C are of course contained in
block 1.

(5) For all i >1, 0 < 0(i) < 24and 0 < 0(1) < 3.

The consequence of the maintenance of invariant (4)
is that at any time the head on block 1 needs to
insert a square, block 1 contains at least | free
square. Also, whenever the head on block 1 has to
delete a square, block | can absorb a square with-
out violating (5). The fact that invariants (4) and
(5) are maintained will show that the travers=1 of
the blocks allows us to keep a stack of free squares
on the consecutive blocks with the top in block 1,
so that the square deletion/insertion facility is
incorporated in our ordinary tape, without needing




and block 1 by more than 3 squares and the
>locks by more than 2 squares.

3. Invariants (4) & (5) are maintained by the
square' distribution rules.

smma 3 is proved by induction on the number of
ind shows we can maintain a stack of free

5 on the consecutive blocks, while not ex-

3 any block over the allowed limit.

cly, and actually by the same distribution

we maintain the extra pushdown store as a

vn store on the consecutive blocks by attach-
5 entries to the resident cells of the blocks.
tent is added to the pushdown store when

block 2 is opened or when a 'store.’fetch'
.aced by a 'fetch fetch'. An element is popped
1e pushdown store when a block is closed,

then 'store]' or 'storel' is replaced by ¢.

3 case we also use block 0, to contain the

the pushdown store, so here the occupancy of
icks i 2 0 needs only be at most 2.

> have eliminated the square deletion/inser-
icility and the extra pushdown store by in-
iting them in the one-head tape unit.

iting the fat head. By using Hartmanis-

s construction [3] of cutting out 2£+1

i covered by the head, maintaining them in
1ite control and exchanging contents with the
square covered on the tape as required, we
ite the assumption of the fat head covering
luares. Note that, for the various update
bution strategies discussed,we never have to
irther ahead then over the first -element ad-
to block 1, and cover the next adjacent 2
completely. So £ = 25 suffices.

as 2 and 3 the following one-head tape unit
's an abstract storage unit S meeting the Re-
mt. Let M be as described and perform at each

STEP:

neck for unmarked squares to create new blocks of cells
istribute free squares

istribute elements of the pushdown store

JVE

t execution of STEP preceded by initialize block 0 and

and put 'fetch' on the bottom of the simulated pushdown store.)
tion 4. The constructed one-head tape unit
rts an abstract storage unit S meeting the
ment.

nce M has as yet no input-output connections,
d movement is a function of time alone and
re oblivious. Equipping M with input/output
1s, and plugging in an appropriate piece of
control for each multicounter machine to be
ed, having the resulting machine execute
lowing algorithm:

3 REPEAT: (read input; UPDATE counters; write output; STEP)

by Propositions I-4:

« For each k 2 1, each k-counter machine can
lated in simultaneous real-time and logarith-
ce by an oblivious one-head tape unit.

lusion.

have made no attempt to obtain optimal block
nd amount of squares covered by the head,
tead aimed at a palatable exposition of the
We now place it in context.

ious theoretical and practical reasons, mul-
Turing machines, restricted in one or more
es, serve as a standard against which to

te the power of other devices or to compare
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power amongst themselves under different resource
restrictions. The commonly considered resources

are time, space, number of tapes, number of head
reversals and oblivious-nonoblivious. The present
simulation is unusual in that it is optimal in all
of these resources; the use of no resource can be
improved by relaxing on the other resource restric—
tions. Because of the many applications of multi-
counters we can expect the result to yield addi-
tional fruit. For instance, we now can in real-time
keep track of which pairs, out of a collection of k,
k.> 1, stacks, are of equal heigth using one extra
(oblivious) one-head tape unit or two extra (obliv-
ious) pushdown stores. This task formerly required
k-1 extra nonoblivious pushdown stores (and is im-
possible for a single pushdown

store receiving only information concerning the
stack movements). Similar statements can be made
about the head positions in multitape Turing ma-
chines.

Number representations. The result yields an un-
usual number representation. It shares compactness
of notation with positional number systems and ease
of incrementation/decrementation by 1 and instant
zero check with tally systems and variants. It im-
proves both in that many integers can be maintained
under instant incrementation/decrementation by 1
and instant zero check, using a single access
pointer in the linear notation which never moves
more than Mlog nl positions in any segment of time
of less than n units. Moreover, the movement of the
pointer is independent of the input, and
((3k+0(1))log n bits are used to denote k n-bit
integers.
Under an actual implementation of a multicounter
machine therefore the time cost is proportional to
the number of counters maintained and not to the
size of the counts.
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